
International Journal of Mechanical Sciences 41 (1999) 373—383

An inverse method to measure the breathing wave
speed in a liquid-filled cylindrical shell

Andrew J. Hull
Submarine Sonar Department, Naval Undersea Warfare Center Division, Newport, Rhode Island 02841, USA

Received 30 June 1998

Abstract

An inverse method is developed for measuring the breathing wave speed in a liquid-filled cylindrical shell.
The model used with this method is based on an experimental configuration in which a long cylindrical shell
is longitudinally excited by a mechanical shaker at one end. The resulting longitudinal wave propagation
produces a spatial field in the shell that consists of extensional and breathing waves. End-mounted
accelerometers and force transducers are used to measure the extensional wave speed. Once this is
accomplished, transfer functions between five equally spaced hydrophones (in the fluid) and a forward
accelerometer are recorded. These data are then combined to yield a closed-form value of the complex,
frequency-dependent breathing wave speed. The experiment included to validate this method is extremely
easy to implement and can be rapidly executed. ( 1998 Elsevier Science Ltd. All rights reserved.
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Notation

A wave propagation coefficient
B wave propagation coefficient
C wave propagation coefficient
c wave speed
D wave propagation coefficient
d separation distance
f frequency (Hz)
i J!1
k wave number
m integer
P pressure
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r intermediate variable
S data
º$ acceleration
X quadratic term
x spatial location
½ quadratic term
Z quadratic term
d separation distance
# angle
u frequency (rad/s)
t intermediate variable

Subscripts
b breathing wave
e extensional wave
1 first hydrophone
2 second hydrophone
3 third hydrophone
4 fourth hydrophone
5 fifth hydrophone

1. Introduction

The analysis of liquid-filled shells is important because of their use in a number of engineering
applications. For one example, these shells are frequently seen in towed sonar arrays where their
wave speeds can affect the corresponding sonar image quality. These shells are also used in
numerous manufacturing applications for transferring fluid from one location to another. In yet
another application, experiments in shell-like water tunnels can result in waves that propagate and
couple into the internal fluid in the form of compressional wave energy. And finally in arterial flow,
fluid/structure wave interaction is produced when the blood (liquid) couples with the artery wall (shell).

The breathing (or bulge) wave is a fluid—solid interaction wave that propagates in liquid-filled
shells [1, 2], and its wave speed is typically modeled as a complex, frequency-dependent quantity.
This wave can be generated by applying axial excitation to one or both ends of the shell. Breathing
and extensional wave motion is initiated at the location of this excitation, and both of these waves
propagate longitudinally in the structure. Additionally, the shell ends reflect such wave motion,
with the shell domain dissipating some of this energy to create a spatial field composed of partially
standing and partially propagating waves. This wave motion causes a change in the cross-sectional
area of the shell, resulting in a pressure differential in the fluid. The amplitude of this fluid pressure
is used to measure the breathing wave, which is strong at lower frequencies (typically below 20 Hz
for most end-vibrated, liquid-filled shells). A previous technique to measure the breathing wave
speed [3] produced a single-frequency measurement that did not include the loss (imaginary) term
of the wave. Additionally, this method required sensors near the endcap of the shell, which is an
area that is very susceptible to wave scattering.

In this paper, an inverse method is derived to measure the breathing wave speed of liquid-filled
shells. First, the extensional wave speed in the shell is measured based on a previously derived
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Fig. 1. Extensional wave contribution to interior pressure field.

method [4] that uses accelerometers and force transducers located at the ends of the shell. Next,
two governing wave equations for fluid pressure are solved to produce a model of the pressure in
the shell. The pressure equation is then written to correspond to the transfer functions between five
equally spaced hydrophones (in the fluid) and a forward-mounted accelerometer. These five
equations and their corresponding data are combined to yield a closed-form value of the breathing
wave speed (including a loss term). The breathing wave speed measurement is to be made at low
frequencies where the breathing wave is spatially coherent across the length of the shell; at higher
frequencies the amplitude of the breathing wave is extremely small and coherent wavelengths do
not exist. This approach is intended for use at the Naval Undersea Warfare Center (NUWC)
Division Newport’s Axial Vibration Test Facility (AVTF), where liquid-filled shells are typically
tested under a tensile load.

2. Breathing wave speed measurement

As described above, the pressure field inside the fluid-filled shell is used to measure the breathing
wave speed. The dynamic model of this field is derived from two wave equations in the spatial
domain, both of which use pressure as the independent variable. The first equation models the
contribution from the extensional wave, which is predominantly a compressional wave that
propagates in the shell, as shown in Fig. 1. Its energy enters the fluid through Poisson coupling and
creates a pressure differential in the fluid. The governing longitudinal equation of the extensional
wave is written as

d2P
e
(x,u)

dx2
#k2
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(x,u)"0, (1)
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e
(x, u) is the temporal Fourier transform of the pressure that is generated by the

extensional wave, x is the spatial location (m), u is the frequency (rad/s), and k
e
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extensional wavenumber (rad/m), which is equal to
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Fig. 2. Breathingh wave contribution to interior pressure field.

where c
e

is the complex extensional wave speed (m/s). The second wave equation models the
breathing wave contribution. This fluid/structure interaction wave results from the coupling of
energy that is due to the transfer of linear momentum between the shell and the fluid. If the interior
fluid is a gas, such as air, the coupling mechanism is extremely inefficient, and this wave will have
little or no energy. As the density of the fluid increases, the energy coupling becomes more efficient,
and the breathing wave propagates as a single wave in both the shell and the fluid, as shown in
Fig. 2. The governing longitudinal equation of the breathing wave is written as

d2P
b
(x,u)

dx2
#k2

b
P
b
(x,u)"0, (3)

where P
b
(x,u) is the temporal Fourier transform of the pressure that is generated by the breathing

wave and k
b

is the complex breathing wavenumber (rad/m), which is equal to

k
b
"

u
c
b

, (4)

where c
b
is the complex breathing wave speed (m/s). The solutions to Eqs. (1) and (3) are complex

exponentials, and they can be added together using the principle of superposition, which yields the
total pressure in the shell as

P(x,u)"P
%
(x,u)#P

b
(x,u)"AM e*kex#BM e~*kex#CM e*kbx#DM e~*kbx , (5)

where P (x,u) is the temporal Fourier transform of the pressure that is generated by both the
extensional wave and the breathing wave; i is the square root of !1; and AM , BM , CM , and DM are wave
propagation coefficients determined by the boundary conditions. It is now noted that the pressure
field at x divided by the forward accelerometer is

P (x, u)
º̂

"Ae*kex#Be~*kex#Ce*kbx#De~*kbx , (6)
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where º$ is the temporal Fourier transform of the forward accelerometer; A, B, C, and D are wave
propagation coefficients; and P (x,u)/º̂ has units of pressure divided by acceleration. It is not
necessary to know the values of A—D to determine the breathing wave speed, as these values will be
extracted by manipulating the governing equations. Independent measurements of the spatial
pressure field from five equally spaced hydrophones are needed to eliminate these wave propaga-
tion coefficients and solve for the breathing wave speed. Without loss of generality, the origin of the
coordinate system is defined as x "0 at the middle (third) pressure sensor (hydrophone). Eq. (6) is
written to correspond to the locations of the five pressure sensors as

P (!2d,u)
º̂

"Ae~*ke2d#Be*ke2d#Ce~*kb2d#De*kb2d"S
1
, (7)

P (!d,u)
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2
, (8)
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and
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5
, (11)

where d is the sensor-to-sensor spacing (m) and S
1
—S

5
correspond to the measured transfer function

data which is the hydrophone pressure divided by the forward accelerometer.
Eqs. (8) and (10) are now added together to yield
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and Eqs. (7) and (11) are added together to produce
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Next, Eq. (9) is rewritten with the term (A#B) on the left-hand side and substituted into Eqs. (12)
and (13), yielding
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respectively. Eqs. (14) and (15) are now set equal to each other. Applying a double-angle trigonom-
etric relationship to the cos (k

b
2d) term then produces
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where
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Equation (16) is a quadratic form with the solution
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"t, (17)

where t is a complex quantity. Rewriting Eq. (17) as real and imaginary terms produces
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where Re denotes the real part and Im denotes the imaginary part of the corresponding complex
quantity. Note that only a negative sign in front of the radical is used in Eq. (18). However, both the
negative and the positive signs are needed in front of the radical in Eq. (17). The real part of k

b
in

Eq. (18) is now solved for with
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where m is a non-negative integer and capital A denotes the principal value of the inverse cosine
function. The value of m is determined from the function r, which is a cosine function with respect to
frequency. At zero frequency, m is 0. Every time r cycles through n radians, m is increased by 1. The
imaginary part of k

b
, established from Eq. (17), results in
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Now that the real and imaginary parts of the wave number k
b

are known, the complex-valued
breathing wave speed can be determined at each frequency with
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. (21)

Using this method produces two wave speed measurements because of the retention of the positive
and negative signs in Eq. (17). One of the wave speeds is the breathing wave speed and the other is
the extensional wave speed, which was previously known. The extensional wave speed is typically
at least one order of magnitude greater than the breathing wave speed.
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Fig. 3. The laboratory configuration.

3. Experiment

Use of this model with the inverse method corresponds to the physical testing configuration in
the AVTF, as shown in Fig. 3. The AVTF has been designed to provide a simple procedure for
testing long structures under varying tensions and temperatures. The surrounding external fluid in
the AVTF is air, which has the same relatively small effect on the wave speeds as other external
fluid loads of greater density [1].

In this experiment, a longitudinally reinforced fluid-filled urethane circular shell containing five
equally spaced hydrophones was placed in tension. The shell had a mean radius of 0.015 m and
a thickness of 0.0028 m; the internal fluid had a density of 760 kg/m3. The axial tension on the shell was
890 N and the stressed length was 12.0 m. The data from the force transducers, accelerometers, and the
five hydrophones were acquired in the time domain with a Hewlett Packard (HP) 3562 dynamic signal
analyzer. The analyzer then Fourier transformed the raw data to the frequency domain to obtain the
desired transfer functions. The test was run with a frequency range between 3 and 100 Hz.

As discussed earlier, in order to measure the breathing wave speed, it is necessary to know the
extensional wave speed. This complex, frequency-dependent quantity is determined with the
measurements from the forward and aft impedance heads in the AVTF [4]. Although these
measurements contain a breathing wave contribution, it typically occurs only at low frequencies
and can easily be discerned from the extensional wave effects. In Fig. 4, which is the measured
extensional wave speed versus frequency, the solid line corresponds to the extensional wave speed
measured at each frequency and the dashed line to the ordinary least square (OLS) straight-line fit.
The OLS fit, applied to the data between 35 and 100 Hz to minimize the effect of the breathing
wave interaction seen at lower frequencies, was c

e
"624.7#0.8 f (m/s) for the real part and

c
e
"69.0#0.4 f (m/s) for the imaginary part (where f is the frequency in Hertz). These values are

used for the extensional wave speed in the following calculations in order to determine the
breathing wave speed.

In the second part of the experiment, the transfer function data of the hydrophones divided by
the forward accelerometers were collected. The five hydrophones were spaced at intervals of 1.83 m
with a distance of 2.96 m from the forward end of the shell to the first hydrophone. Eqs. (12)—(21)
were applied to the experimental test data, and the resulting breathing wave speed of the structure
was calculated.
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Fig. 4. Extensional wave speed versus frequency: (a) real part and (b) imaginary part: (———) wave speed determined
using data; (----) OLS line fit from 35 to 100 Hz.

Fig. 5 is a plot of the breathing wave speed versus frequency. The plus symbols mark the data
from this experiment that were obtained using the method developed in Section 2. The two solid
box symbols are data points determined with the phase angle between the forward accelerometer
and the first hydrophone. This measurement is accomplished by first unwrapping the phase angle
(of S

1
) so that it is a continuous function whose ordinate ranges from 0 to !1000°. Next, regions

that appear ‘‘straight’’ are identified; for these experimental data, the regions are 3—5 Hz and
10—25 Hz. An OLS line was fitted to both regions, and a single (propagation) wave speed was
determined using

c"d
360 *f

*h
, (22)
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Fig. 5. Breathing wave speed versus frequency: (a) real part and (b) imaginary part. (#) wave speed determined using
Eqs. (12)—(21); (j) wave speed determined using Eq. (22).

where c is the corresponding real wave speed (m/s), d is the distance between sensors (m), *f is the
change of frequency (Hz), and *h is the change of phase angle (degrees). The region from 3 to 5 Hz
resulted in a (real) breathing wave speed of 24.0 m/s and the region from 10 to 25 Hz resulted in
a breathing wave speed of 54.8 m/s. The shortcomings of this ‘‘straight’’ line calculation (Eq. (22))
are that it cannot incorporate extensional wave interaction, requires single-direction wave propa-
gation, allows for measurement of only the real part of the breathing wave speed, and is not a very
objective test procedure. Additionally, it typically fails when the sensor-to-sensor separation
distance is even moderately larger than that used in this experiment. However, it does provide
a verification for the real part of the measured breathing wave speed.
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Figure 5 also shows that the breathing wave for this specific structure is spatially coherent from
3 to 13 Hz. Above 13 Hz, the imaginary part of the measurement begins to diverge. The spatial
coherence length is related to the loss factor of the circumferential modulus of the shell. A smaller
circumferential loss modulus would result in a longer spatial coherence length and a coherent
measurement at higher frequencies. Respacing of the hydrophone distances or the use of a shorter
shell might also result in coherent measurements at higher frequencies. It should also be noted that
changing the extensional wave speed by $20% and recalculating the breathing wave speed
produced a change in the breathing wave speed of less than 1%. Thus, the measurement method is
very insensitive to incorrect extensional wave speeds.

There are several other methods that could be used to measure the extensional and breathing
wave speeds. One approach would be to insert six hydrophones in the fluid and solve for all of the
constants at the same time. This would involve writing Eq. (5) at the spatial locations of
the hydrophones and rewriting the equations such that the unknown parameters are functions of
the known system measurements. Although this would eliminate the need for a separate mea-
surement of the extensional wave speed, it is extremely difficult to implement because of the
nonlinearity of Eq. (5) and the large mismatch between the two wave speeds. A second method uses
six or more hydrophones to acquire data and then curve fits the model to the measurements.
Because of the nonlinearity of the governing algebraic expression, this approach is also very
difficult to apply.

This technique described in this paper has been applied to a circular cylinder. However, there is
no requirement that the shell have a circular geometry; any solid (shell) containing a liquid that can
be modeled with the assumption of one-dimensional wave motion could be used. This method
could also be extended to shells containing non-zero mean velocity fluids, although one additional
term would need to be added to Eq. (5) to represent the convection velocity of the fluid as it moves
through the shell. It is likely that the wave speed of such an energy transfer would have to be
measured using some other method to accurately include the effects in the model.

4. Conclusions

An inverse method has been developed to determine the breathing wave speed of a liquid-filled
shell. This technique separates the spatial pressure field into two waves: an extensional wave and
a breathing wave. First, the extensional wave speed is determined by using force transducers and
accelerometers located at the ends of the shell. Next, the breathing wave speed is calculated with
measurements from five equally spaced hydrophones and the extensional wave speed measure-
ment. This method yields a complex value at every frequency for which data are collected and for
which the breathing wave is spatially coherent. This test can be run very rapidly, and the
corresponding computations are not intensive.
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